An approximation method based on hybrid Legendre polynomials and Block-Pulse functions used for the solution of nonlinear Volterra-Fredholm integral equations (NV-FIEs). The operational matrices of these functions are utilized to reduce a nonlinear Volterra-Fredholm integral equation to a system of nonlinear algebraic equations. In addition, convergence analysis and numerical examples that illustrate the pertinent features of the method are presented.
INTRODUCTION
Integral equation has been one of the principal tools in various areas of applied mathematics, physics and engineering. Integral equation is encountered in a variety of applications in many fields, including continuum mechanics, potential theory, geophysics, electricity and magnetism, antenna synthesis problem, communication theory, mathematical economics, population genetics and radiation, the particle transport problems of astrophysics and reactor theory, fluid mechanics etc. Many of these integral equations are nonlinear (Voitovich and Reshnyak, 1999; Jaswon and Symm, 1977; Abdou, 2003; Bloom, 1980; Jiang and Rokhlin, 2004; Semetanian, 2007) .
In this paper we deal with nonlinear Volterra-Fredholm integral equations as follows: (Maleknejad et al., 2011; Maleknejad et al., 2010; Yalcinbas, 2002; Yousefi and Razzaghi, 2005; Ordokhani, 2006; Babolian et al., 2008; Sepehrian and Razzaghi, 2005; Ordokhani and Razzaghi, 2008) Maleknejad, Hashemizadeh and Basirat solved Equation 1 by Bernstein operational matrices method (Maleknejad et al., 2011) . Maleknejad, Almasih and Roodaki reduced these kinds of equations to algebraic equations by triangular functions (Maleknejad et al., 2010) . Yalcinbas (2002) applied Taylor series to solve Equation 1. Yousefi and Razzaghi (2005) used Legendre wavelets for the numerical solution of these equations. Ordokhani (2006) used rationalized Haar functions for solving these equations and Babolian et al. (2008) used Block-Pulse functions to encounter these kinds of NVFIEs.
In this paper we use the hybrid Legendre polynomials and Block-Pulse functions as basis for reducing NV-FIEs to a system of nonlinear algebraic equations. We present hybrid Legendre polynomials and Block-Pulse useful properties such as operational matrix of integration, product matrix, integration of the cross product and coefficient matrix, and use them to transform our NV-FIE to an algebraic system. As shown in our examples, our method works better in comparison to the existing methods.
This paper introduces hybrid functions and their properties. Application of these set of hybrid functions for approximating the solution of NV-FIEs was done, convergence analysis given and the proposed method tested with some examples; thereafter the results were compared with some existing methods results. Thus a conclusion was drawn. [0,1) (Hsiao, 2009) .
HYBRID FUNCTIONS OF BLOCK-PULSE AND LEGENDRE POLYNOMIALS
Here, the Legendre polynomials 
The Block-Pulse functions on the set of hybrid functions is complete orthogonal set too.
PROPERTIES OF HYBRID FUNCTIONS

Function approximation
Any function
can be expanded in hybrid functions (Hsiao, 2009) .
where the hybrid coefficients are given by
(·,·) denotes the inner product.
Usually, the series expansion Equation 4 contains an infinite number of terms for a smooth
piecewise constant or may be approximated as piecewise constant, then the sum in Equation4 may be terminated after nm terms, that is, 
We can also approximate the function
as follows:
where
Operational matrix of integration
The integration of the vector
is given by
where P is the nm nm × operational matrix for integration and is given (Hsiao, 2009; Chang and Wang, 1983) 
that E and H are m m × matrices that have the following shapes, respectively. 
The integration of the cross product
The integration of the cross product of two hybrid function
where L is an m m × diagonal matrix that is given by 1 0 0
The efficacy of matrix D is used for converting the Fredholm part of NV-FIEs to an algebraic equation. Because of its diagonal shape, it can increase the calculating speed.
Product operational matrix
It is always necessary to evaluate the product of
, that is called the product matrix of hybrid functions. Let 
where C is an nm nm × matrix and is called the coefficient matrix. To illustrate the calculation procedure in Equation 13 we consider that 4 n = and 3 m = (Hsiao, 2009; Chang and Wang, 1983; Marzban and Razzaghi, 2003) . We have
5 
7
The matrix 12 12 
With the powerful properties of Equation 13, we can convert the Volterra part of NV-FIEs to an algebraic equation.
OUTLINE OF THE METHOD FOR NV-FIES VIA HYBRID FUNCTIONS
Consider the nonlinear Volterra- 
.
Functions 
where the vector 2
Therefore with this method we can approximate ( ( )) u s 
shall obtain it for α as follows:
We have a similar relation for β . So, the components of U α and U β can be computed in terms of components of unknown vector U .
Substituting Equation 18 in Equation 17
produces Proof: (Maleknejad et al., 2010) .
NUMERICAL EXAMPLES
Here, we implemented the proposed method on 3 different examples 
For implementation of proposed method we used 7 Mathematica .
Example 1
Consider the nonlinear Volterra-Fredholm equation given by Table 1 .
Example 2
Consider the nonlinear Volterra integral equation considered in (Sepehrian and Razzaghi, 2005) shown in Table 3 . Our achieved errors for Example 1 is comparable with exhibited errors (Maleknejad et al., 2010) , an example is shown in Table 4 . As obvious in present method with lower n gets better results.
Conclusion
This work presents a numerical approach for solving NVFIEs based on the hybrid Legendre polynomials and Block-Pulse functions. These hybrid functions operational matrices of integration D , operational matrix P , product matrix H and coefficient matrix C have been created to convert NV-FIEs to an algebraic equation and then by collocating this equation in Newton-cuts nodes, a nonlinear system of equations that can be solved by Newton method, was produced. Illustrative examples are given to demonstrate the validity and applicability of proposed method. Our compared results show that this method works better and faster than some existing methods.
